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AMENABILITY AND COVARIANT INJECTIVITY OF LOCALLY
COMPACT QUANTUM GROUPS II
JASON CRANN
Abstract. Building on our previous work, we study the non-relative homol-
ogy of quantum group convolution algebras. Our main result establishes the
equivalence of amenability of a locally compact quantum group G and 1-
injectivity of L∞(Ĝ) as an operator L1(Ĝ)-module. In particular, a locally
compact group G is amenable if and only if its group von Neumann algebra
V N(G) is 1-injective as an operator module over the Fourier algebra A(G). As
an application, we provide a decomposability result for completely bounded
L1(Ĝ)-module maps on L∞(Ĝ), and give a simplified proof that amenable dis-
crete quantum groups have co-amenable compact duals which avoids the use
of modular theory and the Powers–Størmer inequality, suggesting that our ho-
mological techniques may yield a new approach to the open problem of duality
between amenability and co-amenability.
1. Introduction
The connection between amenability of a locally compact groupG and injectivity
of its group von Neumann algebra V N(G) has been a topic of interest in abstract
harmonic analysis for decades. Amenability of G entails injectivity of V N(G) [14],
however, the converse is not true, e.g., if G = SL(n,R) for n ≥ 2; indeed, a result
of Connes’ [4, Corollary 7], attributed to Dixmier, states that V N(G) is injective
for any separable connected locally compact group.
In [5], we clarified this connection by exploiting the T (L2(G))-module structure
of B(L2(G)), showing the equivalence of amenability of a locally compact group G
and covariant injectivity of V N(G), meaning the existence of a conditional expec-
tation E : B(L2(G)) → V N(G) commuting with the canonical T (L2(G))-action
[5, Theorem 4.2]. We also established a corresponding result at the level of locally
compact quantum groups G and studied the relationship between amenability of G
and relative 1-injectivity of its various operator modules over T (L2(G)).
In this paper we build on results from [5], focusing on the non-relative homology
of operator modules over L1(G) and T (L2(G)). Our main result states that a
locally compact quantum group G is amenable if and only if L∞(Ĝ) is 1-injective
as an operator L1(Ĝ)-module. This new homological manifestation of quantum
group duality shows that in order to recover properties of G, one should not only
consider the von Neumann algebraic structure of L∞(Ĝ), but rather its operator
module structure. As an application, we provide a decomposability result in the
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spirit of Haagerup [15] for completely bounded L1(Ĝ)-module maps on L∞(Ĝ).
Specifically, if G is amenable then
CBL1(Ĝ)(L
∞(Ĝ)) = span CPL1(Ĝ)(L
∞(Ĝ)).
Moreover, the proof of the above equality leads to a characterization of the pred-
ual Qrcb(L
1(G)) of the completely bounded (right) multipliers M rcb(L
1(G)) for an
arbitrary locally compact quantum group G as
Qrcb(L
1(G)) ∼= C0(G)⊗̂L1(G)L
1(G),
which is new even in the group setting.
Arguably the biggest open problem in abstract harmonic analysis on locally
compact quantum groups is the duality between amenability and co-amenability.
In the group setting, this is Leptin’s theorem [29], which states that a locally
compact group G is amenable if and only if its Fourier algebra A(G) has a bounded
approximate identity. In the quantum group setting, many partial results have been
obtained over the years. Ruan showed that a compact Kac algebraG is co-amenable
if and only if its discrete dual Ĝ is amenable [34, Theorem 4.5]. This equivalence
was later generalized by Tomatsu (and, independently by Blanchard and Vaes) to
arbitrary compact quantum groups [39, Theorem 3.8]. Tomatsu’s argument relies
on the specific modular theory of discrete quantum groups in order to apply the
Powers–Størmer inequality in a crucial step. As another application of our main
result, we give a considerably simplified proof of Tomatsu’s theorem which avoids
the use of modular theory and the Powers–Størmer inequality, suggesting that our
homological techniques may provide a new approach to the general duality problem
of amenability and co-amenability.
For regular quantum groups G, we obtain a version of our main result at the
predual level, showing the equivalence of discreteness of G and 1-projectivity of
L1(G) as an operator module over itself.
The paper is structured as follows. We begin in section 2 with some prelimi-
naries on the homology of operator modules, and include some new results on the
relationship between relative and non-relative homology. Section 3 is devoted to
a brief overview of the relevant machinery from locally compact quantum groups,
their associated operator modules, and completely bounded multipliers. Section 4
outlines the operator module structure of B(L2(G)) over T (L2(G)) and contains
new results which are used in the proof of the main theorem. Section 5 contains
the main result of the paper along with its aforementioned applications.
2. Preliminaries
Let A be a complete contractive Banach algebra. We say that an operator space
X is a right operator A-module if it is a right Banach A-module such that the
module map mX : X⊗̂A → X is completely contractive, where ⊗̂ denotes the
operator space projective tensor product. We say that X is faithful if for every
non-zero x ∈ X , there is a ∈ A such that x ·a 6= 0, and we say that X is essential if
〈X · A〉 = X , where 〈·〉 denotes the closed linear span. We denote by mod−A the
category of right operatorA-modules with morphisms given by completely bounded
module homomorphisms. Left operator A-modules and operator A-bimodules are
defined similarly, and we denote the respective categories by A −mod and A −
mod−A. IfX ∈mod−A is a dual operator space such that the action of a is weak*
continuous for all a ∈ A, then we say that X is a dual right operator A-module. We
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let nmod−A denote the category of dual right operatorA-modules with morphisms
given by weak*-weak* continuous completely bounded module homomorphisms,
and similarly for dual left operator A-modules.
Remark 2.1. Regarding terminology, in what follows we will often omit the term
“operator” when discussing homological properties of operator modules as we will
be working exclusively in the operator space category.
Let A be a completely contractive Banach algebra, X ∈ mod − A and Y ∈
A−mod. The A-module tensor product ofX and Y is the quotient spaceX⊗̂AY :=
X⊗̂Y/N , where
N = 〈x · a⊗ y − x⊗ a · y | x ∈ X, y ∈ Y, a ∈ A〉,
and, again, 〈·〉 denotes the closed linear span. It follows that
CBA(X,Y
∗) ∼= N⊥ ∼= (X⊗̂AY )
∗,
where CBA(X,Y
∗) denotes the space of completely bounded right A-module maps
Φ : X → Y ∗. If Y = A, then clearly N ⊆ Ker(mX) where mX : X⊗̂A → X is the
module map. If the induced mapping m˜X : X⊗̂AA → X is a completely isometric
isomorphism we say that X is an induced A-module. A similar definition applies
for left modules. In particular, we say that A is self-induced if m˜A : A⊗̂AA ∼= A
completely isometrically.
Let A be a completely contractive Banach algebra and X ∈ mod − A. The
identification A+ = A ⊕1 C turns the unitization of A into a unital completely
contractive Banach algebra, and it follows that X becomes a right operator A+-
module via the extended action
x · (a+ λe) = x · a+ λx, a ∈ A+, λ ∈ C, x ∈ X.
Let C ≥ 1. We say that X is relatively C-projective if there exists a morphism
Φ+ : X → X⊗̂A+ satisfying ‖Φ+‖cb ≤ C which is a right inverse to the extended
module map m+X : X⊗̂A
+ → X . When X is essential, this is equivalent to the
existence of a morphism Φ : X → X⊗̂A satisfying ‖Φ‖cb ≤ C and mX ◦ Φ = idX
by the operator analogue of [7, Proposition 1.2]. We say that X is C-projective if
for every Y, Z ∈ mod − A, every complete quotient morphism Ψ : Y ։ Z, every
morphism Φ : X → Z, and every ε > 0, there exists a morphism Φ˜ε : X → Y such
that ‖Φ˜ε‖cb < C‖Φ‖cb + ε and Ψ ◦ Φ˜ε = Φ.
When A = C, the definition of C-projectivity coincides with that of a C-
projective operator space [2, Definition 3.3]. The following relationship between
relative projectivity and projectivity appears to be new, and will be used to char-
acterize the 1-projectivity of quantum group convolution algebras.
Proposition 2.2. Let A be a completely contractive Banach algebra and let X ∈
mod − A. If X is C1-projective in mod − C and is relatively C2-projective in
mod−A, then X is C1C2-projective in mod−A.
Proof. Let Y, Z ∈mod−A, let Ψ : Y ։ Z be a complete quotient morphism and
Φ : X → Z be a morphism. By relative C2-projectivity, there exists a morphism
α+ : X → X⊗̂A+ satisfying m+X ◦ α
+ = idX and ‖α
+‖cb ≤ C2. Since X is a
C1-projective operator space, for every ε > 0, there exists a lifting Φε : X → Y
satisfying Ψ ◦ Φε = Φ and ‖Φε‖cb < C1‖Φ‖cb + ε/C2. The morphism (Φε ⊗ id) :
X⊗̂A+ → Y ⊗̂A+ then satisfies ‖Φε ⊗ id‖cb < C1‖Φ‖cb + ε/C2, and composing
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with α+ together with the multiplication m+Y : Y ⊗̂A
+ → Y , we obtain a morphism
Φ˜ε := m
+
Y ◦ (Φε ⊗ id) ◦ α
+ : X → Y satisfying ‖Φ˜ε‖cb < C1C2‖Φ‖cb + ε. Moreover,
using the module properties of the relevant morphisms we have
Ψ ◦ Φ˜ε = Ψ ◦m
+
Y ◦ (Φε ⊗ id) ◦ α
+
= m+Z ◦ (Ψ⊗ id) ◦ (Φε ⊗ id) ◦ α
+
= m+Z ◦ (Φ⊗ id) ◦ α
+
= Φ ◦m+X ◦ α
+
= Φ.
Hence, X is C1C2-projective. 
Note that the converse of Proposition 2.2 (when C1 = C2 = 1) is not true in
general as A is both 1-projective and relatively 1-projective in mod − A for any
unital C∗-algebra. However, the only C∗-algebra which is a 1-projective operator
space is C by [2, Theorem 3.4].
Given a completely contractive Banach algebra A and X ∈mod−A, there is a
canonical completely contractive morphism ∆+ : X → CB(A+, X) given by
∆+(x)(a) = x · a, x ∈ X, a ∈ A+,
where the right A-module structure on CB(A+, X) is defined by
(Ψ · a)(b) = Ψ(ab), a ∈ A, Ψ ∈ CB(A+, X), b ∈ A+.
An analogous construction exists for objects in A−mod. Let C ≥ 1. We say that
X is relatively C-injective if there exists a morphism Φ+ : CB(A+, X) → X such
that Φ+ ◦∆+ = idX and ‖Φ
+‖cb ≤ C. When X is faithful, this is equivalent to the
existence a morphism Φ : CB(A, X) → X such that Φ ◦ ∆ = idX and ‖Φ‖cb ≤ C
by the operator analogue of [7, Proposition 1.7], where ∆(x)(a) := ∆+(x)(a) for
x ∈ X and a ∈ A. We say that X is C-injective if for every Y, Z ∈mod−A, every
completely isometric morphism Ψ : Y →֒ Z, and every morphism Φ : Y → X , there
exists a morphism Φ˜ : Z → X such that ‖Φ˜‖cb ≤ C‖Φ‖cb and Φ˜ ◦Ψ = Φ.
Clearly, when A = C, the definition of C-injectivity coincides with that of a C-
injective operator space [32, §24]. For general A, the dual X∗ of any X ∈mod−A
has a canonical left A-module structure, and it follows that X∗ is C-injective in
A−mod whenever X is C-projective in mod−A by an operator module version
of [2, Theorem 3.5]. Moreover, X∗ is relatively C-injective in A − nmod if and
only if X is relatively C-projective in mod−A. The next proposition also appears
to be new and will be used in the proof of our main result.
Proposition 2.3. Let A be a completely contractive Banach algebra and let X ∈
mod−A. If X is C1-injective in mod−C and is relatively C2-injective in mod−A,
then X is C1C2-injective in mod−A.
Proof. We first show that CB(A+, X) is C1-injective inmod−A using the standard
argument. To this end, let Y, Z ∈mod−A, let κ : Y →֒ Z be a completely isometric
morphism, and let α : Y → CB(A+, X) be a morphism. Define β : Y → X by
β(y) = α(y)(e), y ∈ Y , where e is the identity in A+. Then ‖β‖cb ≤ ‖α‖cb, and
by C1-injectivity of X in mod−C, there exists an extension β˜ : Z → X satisfying
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β = β˜ ◦ κ and ‖β˜‖cb ≤ C1‖β‖cb ≤ C1‖α‖cb. Define α˜ : Z → CB(A
+, X) by
α˜(z)(a) = β˜(z · a), for z ∈ Z, a ∈ A+. Then
(α˜(z) · a)(b) = α˜(z)(ab) = β˜(z · ab) = α˜(z · a)(b)
for all z ∈ Z and a, b ∈ A. Thus, α˜ is a module map extending α such that
‖α˜‖cb ≤ ‖β˜‖cb ≤ C1‖α‖cb.
Now, by relative C2-injectivity of X in mod−A there exists a morphism Φ
+ :
CB(A+, X) → X satisfying Φ+ ◦ ∆+ = idX and ‖Φ
+‖cb ≤ C2. Thus, if Y, Z ∈
mod − A with κ : Y →֒ Z a completely isometric morphism, and α : Y → X
is a morphism, then we may extend the morphism ∆+ ◦ α : Y → CB(A+, X) to
a morphism α˜ : Z → CB(A+, X) with ‖α˜‖cb ≤ C1‖∆
+ ◦ α‖cb ≤ C1‖α‖cb. The
morphism Φ+ ◦ α˜ : Z → X satisfies Φ+ ◦ α˜ ◦ κ = α and ‖Φ ◦ α˜‖cb ≤ C1C2‖α‖cb,
and is therefore the desired extension. 
The converse of Proposition 2.3 is not true in general (when C1 = C2 = 1).
Indeed, for any unital completely contractive Banach algebra A and any 1-injective
operator space X , it follows from the proof of Proposition 2.3 that CB(A, X) is
1-injective in mod − A. This clearly implies relative 1-injectivity in mod − A.
However, consider A = B(G) and X = C, where B(G) is the Fourier-Stieltjes
algebra of a non-amenable discrete group G. Since B(G) is the operator dual of
the full group C∗-algebra C∗(G), we have CB(A, X) = B(G)∗ = C∗(G)∗∗. If this
were a 1-injective operator space, the group C∗-algebra C∗(G) would be nuclear
[3], forcing G to be amenable by [28, Theorem 4.2].
Remark 2.4. Our notions of projectivity and injectivity are closer in spirit to the
approach taken in operator space theory [2] and the recent approach of Helemskii
[17] rather than Banach algebra homology, where the related notions are usually
studied solely from the relative perspective. In particular, we caution the reader
that “injectivity” as defined in our previous work [5] coincides with relative 1-
injectivity as defined above.
3. Locally Compact Quantum Groups
A locally compact quantum group is a quadruple G = (L∞(G),Γ, ϕ, ψ), where
L∞(G) is a Hopf-von Neumann algebra with co-multiplication Γ : L∞(G) →
L∞(G)⊗L∞(G), and ϕ and ψ are fixed left and right Haar weights on L∞(G),
respectively [27, 40]. For every locally compact quantum group G, there exists a
left fundamental unitary operator W on L2(G, ϕ)⊗L2(G, ϕ) and a right fundamen-
tal unitary operator V on L2(G, ψ)⊗ L2(G, ψ) implementing the co-multiplication
Γ via
Γ(x) =W ∗(1⊗ x)W = V (x⊗ 1)V ∗, x ∈ L∞(G).
Both unitaries satisfy the pentagonal relation; that is,
(3.1) W12W13W23 =W23W12 and V12V13V23 = V23V12.
By [27, Proposition 2.11], we may identify L2(G, ϕ) and L2(G, ψ), so we will simply
use L2(G) for this Hilbert space throughout the paper. We denote by R the unitary
antipode of G.
Let L1(G) denote the predual of L∞(G). Then the pre-adjoint of Γ induces an
associative completely contractive multiplication on L1(G), defined by
⋆ : L1(G)⊗̂L1(G) ∋ f ⊗ g 7→ f ⋆ g = Γ∗(f ⊗ g) ∈ L
1(G).
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The multiplication ⋆ is a complete quotient map from L1(G)⊗̂L1(G) onto L1(G),
implying
〈L1(G) ⋆ L1(G)〉 = L1(G).
Moreover, L1(G) is always self-induced. The proof is a simple application of [41,
Theorem 2.7], but we provide the details for the convenience of the reader.
Proposition 3.1. Let G be a locally compact quantum group. Then L1(G) is a
self-induced completely contractive Banach algebra.
Proof. Let m˜ : L1(G)⊗̂L1(G)L
1(G) → L1(G) be the induced multiplication map.
Then m˜∗ : L∞(G)→ (L1(G)⊗̂L1(G)L
1(G))∗ is nothing but the co-multiplication Γ.
Since (L1(G)⊗̂L1(G)L
1(G))∗ ∼= N⊥, where N ⊆ L1(G)⊗̂L1(G) is the closed linear
span of {f ⋆ g⊗h− f ⊗ g ⋆ h | f, g, h ∈ L1(G)}, given X ∈ (L1(G)⊗̂L1(G)L
1(G))∗ ⊆
L∞(G)⊗L∞(G), it follows that (Γ⊗ id)(X) = (id⊗Γ)(X). Hence, X ∈ Γ(L∞(G))
by [41, Theorem 2.7], and m˜∗ is surjective. Since m˜∗ = Γ is also a complete
isometry, the result follows. 
For any locally compact quantum group G, the canonical L1(G)-bimodule struc-
ture on L∞(G) is given by
f ⋆ x = (id⊗ f)Γ(x) and x ⋆ f = (f ⊗ id)Γ(x)
for x ∈ L∞(G), and f ∈ L1(G). A left invariant mean on L∞(G) is a state
m ∈ L∞(G)∗ satisfying
(3.2) 〈m,x ⋆ f〉 = 〈f, 1〉〈m,x〉, x ∈ L∞(G), f ∈ L1(G).
Right and two-sided invariant means are defined similarly. A locally compact quan-
tum group G is said to be amenable if there exists a left invariant mean on L∞(G).
It is known that G is amenable if and only if there exists a right (equivalently,
two-sided) invariant mean (cf. [11, Proposition 3]). We say that G is co-amenable
if L1(G) has a bounded left (equivalently, right or two-sided) approximate identity
(cf. [1, Theorem 3.1]).
The left regular representation λ : L1(G)→ B(L2(G)) of G is defined by
λ(f) = (f ⊗ id)(W ), f ∈ L1(G),
and is an injective, completely contractive homomorphism from L1(G) into B(L2(G)).
Then L∞(Ĝ) := {λ(f) : f ∈ L1(G)}′′ is the von Neumann algebra associated with
the dual quantum group Ĝ. Analogously, we have the right regular representation
ρ : L1(G)→ B(L2(G)) defined by
ρ(f) = (id⊗ f)(V ), f ∈ L1(G),
which is also an injective, completely contractive homomorphism from L1(G) into
B(L2(G)). Then L∞(Ĝ′) := {ρ(f) : f ∈ L1(G)}′′ is the von Neumann alge-
bra associated to the quantum group Ĝ′. It follows that L∞(Ĝ′) = L∞(Ĝ)′,
and the left and right fundamental unitaries satisfy W ∈ L∞(G)⊗L∞(Ĝ) and
V ∈ L∞(Ĝ′)⊗L∞(G) [27, Proposition 2.15]. Moreover, dual quantum groups al-
ways satisfy L∞(G) ∩ L∞(Ĝ) = L∞(G) ∩ L∞(Ĝ′) = C1 [43, Proposition 3.4].
If G is a locally compact group, we let Ga = (L
∞(G),Γa, ϕa, ψa) denote the com-
mutative quantum group associated with the commutative von Neumann algebra
L∞(G), where the co-multiplication is given by Γa(f)(s, t) = f(st), and ϕa and ψa
are integration with respect to a left and right Haar measure, respectively. The dual
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Ĝa of Ga is the co-commutative quantum group Gs = (V N(G),Γs, ϕs, ψs), where
V N(G) is the left group von Neumann algebra with co-multiplication Γs(λ(t)) =
λ(t) ⊗ λ(t), and ϕs = ψs is Haagerup’s Plancherel weight (cf. [37, §VII.3]). Then
L1(Ga) is the usual group convolution algebra L
1(G), and L1(Gs) is the Fourier
algebra A(G). It is known that every commutative locally compact quantum group
is of the form Ga [36, 42, Theorem 2; §2]. Therefore, every commutative locally
compact quantum group is co-amenable, and is amenable if and only if the under-
lying locally compact group is amenable. By duality, every co-commutative locally
compact quantum group is of the form Gs, which is always amenable [33, Theo-
rem 4], and is co-amenable if and only if the underlying locally compact group is
amenable, by Leptin’s theorem [29].
For a locally compact quantum group G, we let C0(G) := λ̂(L1(Ĝ))
‖·‖
denote
the reduced quantum group C∗-algebra of G. We say that G is compact if C0(G)
is a unital C∗-algebra, in which case we denote C0(G) by C(G). We say that G is
discrete if L1(G) is unital. It is well-known that G is compact if and only if Ĝ is
discrete, and in that case, L1(Ĝ) ∼=
⊕
1{Tnα(C) | α ∈ Irr(G)}, where Tnα(C) is the
space of nα × nα trace-class operators, and Irr(G) denotes the set of (equivalence
classes of) irreducible co-representations of the compact quantum group G [45].
For general G, the operator dual M(G) := C0(G)
∗ is a completely contractive
Banach algebra containing L1(G) as a norm closed two-sided ideal via the map
L1(G) ∋ f 7→ f |C0(G) ∈M(G) [19].
We let Cu(G) be the universal quantum group C
∗-algebra of G, and denote the
canonical surjective *-homomorphism by πu : Cu(G) → C0(G) [25]. The space
Cu(G)
∗ then has the structure of a unital completely contractive Banach algebra
such that the map L1(G) → Cu(G)
∗ given by the composition of the inclusion
L1(G) ⊆ M(G) and π∗u : M(G) → Cu(G)
∗ is a completely isometric homomor-
phism, and it follows that L1(G) is a norm closed two-sided ideal in Cu(G)
∗ [25,
Proposition 8.3].
Let G be a locally compact quantum group. An element bˆ′ ∈ L∞(Ĝ)′ is said
to be a completely bounded right multiplier of L1(G) if ρ(f)bˆ′ ∈ ρ(L1(G)) for all
f ∈ L1(G) and the induced map
mr
bˆ′
: L1(G) ∋ f 7→ ρ−1(ρ(f)bˆ′) ∈ L1(G)
is completely bounded on L1(G). We let M rcb(L
1(G)) denote the space of all com-
pletely bounded right multipliers of L1(G), which is a completely contractive Ba-
nach algebra with respect to the norm
‖[bˆ′ij ]‖Mn(Mrcb(L1(G))) = ‖[m
r
bˆij
]‖cb.
Completely bounded left multipliers are defined analogously and we denote by
M lcb(L
1(G)) the corresponding completely contractive Banach algebra. We now
review the relevant properties of completely bounded multipliers, adopting the no-
tation of [21].
Given bˆ′ ∈ M rcb(L
1(G)), the adjoint Θr(bˆ′) := (mr
bˆ′
)∗ defines a normal com-
pletely bounded right L1(G)-module map on L∞(G). In general, the restriction
Θr(bˆ′)|C0(G) leaves C0(G) invariant by [21, Proposition 4.1], and, together with [21,
Proposition 4.2], we have the completely isometric identifications
(3.3) Θr :M rcb(L
1(G)) ∼= CBσL1(G)(L
∞(G)) ∼= CBL1(G)(C0(G)).
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It is known that M rcb(L
1(G)) is a dual operator space [19, Theorem 3.5], with
predual Qrcb(L
1(G)). When G = Gs is co-commutative, Haagerup and Kraus
gave a representation for elements of Qcb(L
1(Gs)) = Qcb(A(G)) as ΩA,ρ for A ∈
C∗λ(G)⊗min K∞ and ρ ∈ A(G)⊗̂T∞ [16, Proposition 1.5], where
〈ϕ,ΩA,ρ〉 = 〈(Θ
r(ϕ) ⊗ idK∞)(A), ρ〉, ϕ ∈McbA(G);
C∗λ(G) is the reduced C
∗-algebra of G; the spaces K∞ and T∞ denote the com-
pact and trace-class operators on a countably infinite-dimensional Hilbert space,
respectively, and ⊗min denotes the minimum tensor product of C
∗-algebras. This
was later generalized to the setting of Kac algbras by Kraus and Ruan [24, Theo-
rem 3.3]. Relying upon the general result [16, Lemma 1.6], their argument readily
extends to arbitrary locally compact quantum groups.
Proposition 3.2. Let G be a locally compact quantum group. Then
Qrcb(L
1(G)) = {ΩA,ρ | A ∈ C0(G)⊗min K∞, ρ ∈ L
1(G)⊗̂T∞},
where 〈bˆ′,ΩA,ρ〉 = 〈(Θ
r(bˆ′)⊗ idK∞)(A), ρ〉, bˆ
′ ∈M rcb(L
1(G)).
4. T (L2(G))y B(L2(G))
Let G be a locally compact quantum group. The right fundamental unitary V
of G induces a co-associative co-multiplication
Γr : B(L2(G)) ∋ T 7→ V (T ⊗ 1)V ∗ ∈ B(L2(G))⊗B(L2(G)),
and the restriction of Γr to L∞(G) yields the original co-multiplication Γ on L∞(G).
The pre-adjoint of Γr induces an associative completely contractive multiplication
on the space of trace-class operators T (L2(G)), defined by
 : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω  τ = Γr∗(ω ⊗ τ) ∈ T (L
2(G)).
Since Γr is a complete isometry, it follows that Γr∗ is a complete quotient map, so
we have
(4.1) T (L2(G)) = 〈T (L2(G)) T (L2(G))〉.
Analogously, the left fundamental unitary W of G induces a co-associative co-
multiplication
Γl : B(L2(G)) ∋ T 7→W ∗(1⊗ T )W ∈ B(L2(G))⊗B(L2(G)),
and the restriction of Γl to L∞(G) is also equal to Γ. The pre-adjoint of Γl induces
another associative completely contractive multiplication
 : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω  τ = Γl∗(ω ⊗ τ) ∈ T (L
2(G)).
It was shown in [19, Lemma 5.2] that the pre-annihilator L∞(G)⊥ of L
∞(G) in
T (L2(G)) is a norm closed two sided ideal in (T (L2(G)),) and (T (L2(G)),),
respectively, and the complete quotient map
(4.2) π : T (L2(G)) ∋ ω 7→ f = ω|L∞(G) ∈ L
1(G)
is an algebra homomorphism from (T (L2(G)),), respectively, (T (L2(G)),), onto
L1(G).
By [27, Proposition 2.1] the unitary antipode R satisfies R(x) = Ĵx∗Ĵ , for
x ∈ L∞(G). It therefore extends to a *-anti-automorphism (still denoted) R :
B(L2(G))→ B(L2(G)), via R(T ) = ĴT ∗Ĵ , T ∈ B(L2(G)). The extended antipode
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maps L∞(G) and L∞(Ĝ) onto L∞(G) and L∞(Ĝ′), respectively, and satisfies the
generalized antipode relations; that is,
(4.3) (R⊗R) ◦ Γr = Σ ◦ Γl ◦R and (R ⊗R) ◦ Γl = Σ ◦ Γr ◦R,
where Σ is the flip map on B(L2(G))⊗B(L2(G)). At the level of T (L2(G)), the
relations (4.3) mean
R∗(ω  τ) = R∗(τ) R∗(ω) and R∗(ω  τ) = R∗(τ) R∗(ω)
for all ω, τ ∈ T (L2(G)). We may therefore pass between the left and right products
using R, and as a result, we will often focus on the right product  throughout the
article.
Since L2(G) ∼= L2(Ĝ) for any locally compact quantum group G, applying the
above construction to the co-multiplication Γ̂ on L∞(Ĝ) yields two dual products
̂ : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω̂τ = Γ̂r∗(ω ⊗ τ) ∈ T (L
2(G)),
̂ : T (L2(G))⊗̂T (L2(G)) ∋ ω ⊗ τ 7→ ω̂τ = Γ̂l∗(ω ⊗ τ) ∈ T (L
2(G)).
This lifting of quantum group convolution to T (L2(G)) allows one to study prop-
erties of G and Ĝ as well as their interactions a single space. One such interaction
was obtained in [23], and states that the dual products anti-commute.
Theorem 4.1. [23, Theorem 3.3] Let G be a locally compact quantum group. Then
for every ρ, ω, τ ∈ T (L2(G)) we have
(4.4) (ρ ω)̂τ = (ρ̂τ)  ω.
Equation (4.4) has an important consequence (Proposition 4.2) that will be used
in the proof of the main result.
For a locally compact quantum group G, the multiplications  and  define
operator T (L2(G))-bimodule structures on B(L2(G)) such that for x ∈ L∞(G) and
f = ω|L∞(G) with ω ∈ T (L
2(G)), we have
(4.5) x ω = x ω = x ⋆ f and ω  x = ω  x = f ⋆ x.
The bimodule actions of (T (L2(G)),) and (T (L2(G)),) on B(L2(G)) are there-
fore liftings of the usual bimodule action of L1(G) on L∞(G). For details on these
bimodules we refer the reader to [5, 19]. In what follows we denote the algebra of
completely bounded right (T (L2(G)),)-module (respectively, left (T (L2(G)), ̂)-
module) maps by CBT(B(L
2(G))) (respectively, T
̂
CB(B(L2(G)))).
In [19, Remark 7.4], the authors observe that for co-amenable G we have
CBT(B(L
2(G))) ⊆ CB
L∞(G)
L∞(Ĝ)
(B(L2(G))),
where CB
L∞(G)
L∞(Ĝ)
(B(L2(G))) is the algebra of completely bounded L
∞(Ĝ)-bimodule
maps on B(L2(G)) that leave L∞(G) globally invariant. As a corollary to the
commutation relation (4.4), we can remove the co-amenability hypothesis in the
above inclusion using the following “automatic” module property.
Proposition 4.2. Let G be locally compact quantum group. Then
CBT(B(L
2(G))) ⊆ T
̂
CB(B(L2(G))).
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Proof. Let Φ ∈ CBT(B(L
2(G))), and fix ρ ∈ T (L2(G)) and T ∈ B(L2(G)). Then
for any ω, τ ∈ T (L2(G)), we have
〈(ρ̂T ) τ, ω〉 = 〈ρ̂T, τ  ω〉 = 〈T, (τ  ω)̂ρ〉
= 〈T, (τ̂ρ)  ω〉 = 〈T  (τ̂ρ), ω〉.
Thus,
〈Φ(ρ̂T ), τ  ω〉 = 〈Φ(ρ̂T ) τ, ω〉 = 〈Φ((ρ̂T ) τ), ω〉
= 〈Φ(T  (τ̂ρ)), ω〉 = 〈Φ(T )  (τ̂ρ), ω〉
= 〈Φ(T ), (τ̂ρ)  ω〉 = 〈Φ(T ), (τ  ω)̂ρ〉
= 〈ρ̂Φ(T ), τ  ω〉.
By (4.1) it follows that Φ(ρ̂T ) = ρ̂Φ(T ), as required. 
Corollary 4.3. For any locally compact quantum group G, we have
CBT(B(L
2(G))) ⊆ CB
L∞(G)
L∞(Ĝ)
(B(L2(G))).
Proof. Let Φ ∈ CBT(B(L
2(G))), and xˆ, yˆ ∈ L∞(Ĝ). Then for any ρ ∈ T (L2(G))
and T ∈ B(L2(G)) we have
(xˆT yˆ)  ρ = (ρ⊗ id)V (xˆT yˆ ⊗ 1)V ∗ = (ρ⊗ id)((xˆ ⊗ 1)V (T ⊗ 1)V ∗(yˆ ⊗ 1))
= (yˆ · ρ · xˆ⊗ id)V (T ⊗ 1)V ∗ = T  (yˆ · ρ · xˆ).
Thus, for any ω ∈ T (L2(G)) we obtain
〈Φ(xˆT yˆ), ρ ω〉 = 〈Φ(xˆT yˆ)  ρ, ω〉 = 〈Φ((xˆT yˆ)  ρ), ω〉
= 〈Φ(T  (yˆ · ρ · xˆ)), ω〉 = 〈Φ(T ) (yˆ · ρ · xˆ), ω〉
= 〈(xˆΦ(T )yˆ) ρ, ω〉 = 〈xˆΦ(T )yˆ, ρ ω〉.
Again by (4.1), it follows that Φ is an L∞(Ĝ)-bimodule map on B(L2(G)).
By Proposition 4.2 Φ ∈ T
̂
CB(B(L2(G))), and since V̂ ∈ L∞(G)′⊗L∞(Ĝ), for
any x ∈ L∞(G) and ρ ∈ T (L2(G)) we have
(id⊗ ρ)V̂ (Φ(x) ⊗ 1)V̂ ∗ = ρ̂Φ(x) = Φ(ρ̂x) = 〈ρ, 1〉Φ(x) = (id⊗ ρ)(Φ(x) ⊗ 1).
It follows that V̂ (Φ(x)⊗ 1)V̂ ∗ = Φ(x)⊗ 1, which implies that ρ̂(fˆ)Φ(x) = Φ(x)ρ̂(fˆ)
for every fˆ ∈ L1(Ĝ). Since ρ̂(L1(Ĝ)) is weak* dense in L∞(G)′, we have Φ(x) ∈
L∞(G)′′ = L∞(G). Thus, Φ leaves L∞(G) globally invariant, and the claim follows.

In [5], we studied the existence of conditional expectations E : B(L2(G)) →
L∞(Ĝ) commuting with the four T (L2(G))-module structures on B(L2(G)) arising
from G. We now complete this picture by studying the four remaining T (L2(G))-
module structures on B(L2(G)) arising from Ĝ. We denote by T
̂
CB(B(L2(G))) and
CBT
̂
(B(L2(G))) the algebra of completely bounded left and right (T (L2(G)), ̂)-
module maps on B(L2(G)), respectively, and similarly for (T (L2(G)), ̂).
Proposition 4.4. Let G be a locally compact quantum group. There exists a con-
ditional expectation E : B(L2(G)) → L∞(Ĝ) in CBT
̂
(B(L2(G))) if and only if
G = C1.
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Proof. For any T ∈ B(L2(G)) and ρ ∈ T (L2(G)), we have T ̂ρ ∈ L∞(Ĝ), so if such
a conditional expectation E exists, then T ̂ρ = E(T ̂ρ) = E(T )̂ρ. By density of
products (4.1), it follows that E(T ) = T . In particular B(L2(G)) ⊆ L∞(Ĝ), which
entails that G = Ĝ = C1. The converse is trivial. 
Proposition 4.5. Let G be a locally compact quantum group. There exists a con-
ditional expectation E : B(L2(G)) → L∞(Ĝ) in T
̂
CB(B(L2(G))) if and only if
G = C1.
Proof. Using the extended unitary antipode of Ĝ, denoted by R̂, it follows that
R̂ ◦ E ◦ R̂ is a conditional expectation onto L∞(Ĝ) in CBT
̂
(B(L2(G))), so the
result follows from Proposition 4.4. 
Proposition 4.6. Let G be a locally compact quantum group. There exists a con-
ditional expectation E : B(L2(G)) → L∞(Ĝ) in T
̂
CB(B(L2(G))) if and only if G
is amenable.
Proof. If G is amenable, then by [5, Theorem 4.2] there exists a conditional expec-
tation onto L∞(Ĝ) in CBT(B(L
2(G))), which, thanks to Proposition 4.2, lies in
T
̂
CB(B(L2(G))).
On the other hand, if there exists such a conditional expectation E, then for any
x ∈ L∞(G) and ρ ∈ T (L2(G)) we have
ρ̂E(x) = E(ρ̂x) = 〈ρ, 1〉E(x).
As in the proof of Corollary 4.3, this implies E(x) ∈ L∞(G)∩L∞(Ĝ) = C1. Hence,
G is amenable by [35, Theorem 3]. 
Proposition 4.7. Let G be a locally compact quantum group. There exists a con-
ditional expectation E : B(L2(G)) → L∞(Ĝ) in CBT
̂
(B(L2(G))) if and only if G
is amenable.
Proof. This follows from Proposition 4.6 using the extended unitary antipode R̂.

We record the normal version of Proposition 4.7 for later use. The proof is left
to the reader to establish.
Proposition 4.8. Let G be a locally compact quantum group. There exists a normal
conditional expectation E : B(L2(G)) → L∞(Ĝ) in CBT
̂
(B(L2(G))) if and only if
G is compact.
5. Main Result & Applications
We are now in position to prove the main result of the paper – the equivalence
of amenability of Ĝ and 1-injectivity of L∞(G) as an operator L1(G)-module. The
theorem also reveals a duality between the left and right (T (L2(G)),)-module
structures on B(L2(G)): amenability of G is captured by left injectivity of B(L2(G))
[5, Theorem 5.5], while amenability of Ĝ is captured by right injectivity of B(L2(G)).
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Theorem 5.1. Let G be a locally compact quantum group. The following conditions
are equivalent:
(1) Ĝ is amenable;
(2) B(L2(G)) is 1-injective in mod− (T (L2(G)),);
(3) L∞(G) is 1-injective in mod− L1(G).
Proof. (1) ⇒ (2): By [5, Proposition 5.8] amenability of Ĝ implies that B(L2(G))
is relatively 1-injective in mod − (T (L2(G)),). Since B(L2(G)) is a 1-injective
operator space, the implication follows from Proposition 2.3.
(2) ⇒ (3): If B(L2(G)) is 1-injective in mod − (T (L2(G)),), there exists a
completely contractive morphism Φ : B(L2(G))⊗B(L2(G)) → B(L2(G)) which is
a left inverse to Γr, where the pertinent right (T (L2(G)),)-module structure on
B(L2(G))⊗B(L2(G)) is defined by
X  ρ = (ρ⊗ id⊗ id)(Γr ⊗ id)(X), X ∈ B(L2(G))⊗B(L2(G)), ρ ∈ T (L2(G)).
By the proof of Proposition 4.2 it follows that Φ(ρ̂X) = ρ̂Φ(X), where the left
module action ̂ is given by
ρ̂X = (id⊗ ρ⊗ id)(Γ̂r ⊗ id)(X), X ∈ B(L2(G))⊗B(L2(G)), ρ ∈ T (L2(G)).
Furthermore, the proof of Corollary 4.3 entails the invariance
Φ(L∞(G)⊗B(L2(G))) ⊆ L∞(G).
Since Γl : B(L2(G)) → L∞(G)⊗B(L2(G)), the composition Φ ◦ Γl therefore maps
into L∞(G). Moreover, if x ∈ L∞(G) then Φ ◦ Γl(x) = Φ ◦ Γr(x) = x, so that
Φ ◦ Γl is a projection of norm one from B(L2(G)) onto L∞(G). Thus, L∞(G) is a
1-injective operator space.
Next, consider the map Ψ = Φ|L∞(G)⊗L∞(G) : L
∞(G)⊗L∞(G)→ L∞(G). Since
the right (T (L2(G)),)-module action on B(L2(G)) restricts to the canonical right
L1(G)-module action on L∞(G), it follows that Ψ is a completely contractive right
L1(G)-module map such that Ψ ◦ Γ = idL∞(G). Since L
∞(G) is faithful in mod−
L1(G), this entails the relative 1-injectivity of L∞(G) inmod−L1(G), and therefore
the 1-injectivity of L∞(G) in mod− L1(G) by Proposition 2.3.
(3)⇒ (1): Viewing B(L2(G)) as a right operator L1(G)-module via
T  f = (f ⊗ id)Γl(T ) = (f ⊗ id)W ∗(1 ⊗ T )W, f ∈ L1(G), T ∈ B(L2(G)),
1-injectivity of L∞(G) inmod−L1(G) gives an extension of idL∞(G) to a completely
contractive morphism E : B(L2(G)) → L∞(G). Proposition 4.7 then entails the
amenability of Ĝ. 
Analogously, there is a left module version of Theorem 5.1 involving the left
product , the proof of which follows similarly.
Theorem 5.2. Let G be a locally compact quantum group. The following conditions
are equivalent:
(1) Ĝ is amenable;
(2) B(L2(G)) is 1-injective in (T (L2(G)),)−mod;
(3) L∞(G) is 1-injective in L1(G)−mod.
In the co-commutative setting, we obtain a new characterization of amenable
locally compact groups.
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Corollary 5.3. Let G be a locally compact group. The following conditions are
equivalent:
(1) G is amenable;
(2) V N(G) is 1-injective in mod−A(G);
(3) V N(G) is 1-injective in A(G)−mod.
Remark 5.4. Corollary 5.3 highlights the significance of the non-relative homology
of V N(G) as an operator A(G)-module. In fact, relative 1-injectivity of V N(G)
in mod− A(G) is equivalent to inner amenability of G [6, Theorem 3.4]. Related
results at the level of quantum groups will appear in subsequent work.
In [15] Haagerup provided an elegant characterization of injective von Neumann
algebras via decomposability of completely bounded maps. More specifically, a von
Neumann algebraM is injective if and only if CB(M) = span CP(M), where CP(M)
is the set of completely positive maps Φ : M → M . The next result provides a
similar decomposition for L1(G)-module maps on L∞(G) when L∞(G) is 1-injective
in mod− L1(G).
Proposition 5.5. Let G be a locally compact quantum group. If L∞(G) is 1-
injective in mod− L1(G) (equivalently, Ĝ is amenable) then
CBL1(G)(L
∞(G)) = span CPL1(G)(L
∞(G)).
Proof. Viewing Mn(L
∞(G)) as an operator L1(G)-module under the amplified ac-
tion:
[xij ] ⋆ f = [xij ⋆ f ], [xij ] ∈Mn(L
∞(G)), f ∈ L1(G),
we claim that Mn(L
∞(G)) is 1-injective in mod− L1(G) for any n ∈ N. Indeed,
the canonical morphism
∆n :Mn(L
∞(G))→ CB(L1(G),Mn(L
∞(G))) =Mn(CB(L
1(G), L∞(G)))
is nothing but the nth amplification of ∆ : L∞(G) → CB(L1(G), L∞(G)), so the
nth amplification of a completely contractive module left inverse of ∆ (which exists
by 1-injectivity of L∞(G)) provides a completely contractive module left inverse
to ∆n. Since Mn(L
∞(G)) is 1-injective in mod− C [38, Proposition XV.3.2], the
claim follows from Proposition 2.3.
Now, let Φ ∈ CBL1(G)(L
∞(G)) be a complete contraction, and consider the
Paulsen system S ⊆M2(L
∞(G)) defined by
S =
{(
α1 x
y β1
) ∣∣∣∣ x, y ∈ L∞(G), α, β ∈ C
}
.
Then S is an L1(G)-submodule of M2(L
∞(G)) and Φ gives rise to a unital com-
pletely positive L1(G)-module map ΦS : S → M2(L
∞(G)) via off-diagonalization
[31]:
ΦS
((
α1 x
y β1
))
=
(
α1 Φ(x)
Φ∗(y) β1
)
,
(
α1 x
y β1
)
∈ S,
where Φ∗(y) = Φ(y∗)∗, y ∈ L∞(G). By 1-injectivity of M2(L
∞(G)) in mod −
L1(G), the map ΦS extends to a completely contractive L
1(G)-module map Φ˜ :
M2(L
∞(G))→M2(L
∞(G)) such that
Φ˜
((
1 0
0 1
))
=
(
1 0
0 1
)
.
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Hence, Φ˜ is completely positive and is of the form
Φ˜
((
x11 x12
x21 x22
))
=
(
Ψ1(x11) Φ(x12)
Φ∗(x21) Ψ2(x22)
)
, [xij ] ∈M2(L
∞(G)),
where Ψi ∈ CPL1(G)(L
∞(G)) is associated to Pii ◦ Φ˜ ◦ Pii, and
Pii ∈ CPL1(G)(M2(L
∞(G)))
is the diagonal projection onto the (i, i)th entry for i = 1, 2. By [13, Proposition
5.4.2], it follows that the map
Φ˜|L∞(G) : L
∞(G) ∋ x 7→
(
Ψ1(x) Φ(x)
Φ∗(x) Ψ2(x)
)
∈M2(L
∞(G))
is a completely positive L1(G)-module map. Thus, via polarization (as in [13,
Proposition 5.4.1]), it follows that Φ ∈ span CPL1(G)(L
∞(G)). 
Remark 5.6. As the proof of Proposition 5.5 shows, when L∞(G) is 1-injective in
mod−L1(G) we can decompose any Φ ∈ CBL1(G)(L
∞(G)) into a linear combination
of 4 completely positive L1(G)-module maps.
For a locally compact group G, it is well-known that B(G) =McbA(G) whenever
G is amenable [10, Corollary 1.8]. Using Proposition 5.5 together with [9, Theorem
5.2] we can now generalize this implication to arbitrary locally compact quantum
groups. We note that the same result was obtained under the a priori stronger
assumption that G is co-amenable [19, Theorem 4.2].
Corollary 5.7. Let G be a locally compact quantum group. If Ĝ is amenable then
Cu(G)
∗ ∼=M rcb(L
1(G)).
Proof. First, we claim that CBL1(G)(C0(G), L
∞(G)) = CBL1(G)(C0(G)). One inclu-
sion is obvious, so let Φ ∈ CBL1(G)(C0(G), L
∞(G)). Then the restriction of its ad-
joint Φ∗|L1(G) ∈ L1(G)CB(L
1(G),M(G)) = L1(G)CB(L
1(G)), noting that L1(G) =
〈L1(G)⋆L1(G)〉 is a closed ideal inM(G). Hence, (Φ∗|L1(G))
∗ ∈ CBσL1(G)(L
∞(G)) =
CBL1(G)(C0(G)) by [21, Proposition 4.1]. But
〈(Φ∗|L1(G))
∗(x), f〉 = 〈x,Φ∗|L1(G)(f)〉 = 〈x,Φ
∗(f)〉 = 〈Φ(x), f〉
for all x ∈ C0(G) and f ∈ L
1(G), so (Φ∗|L1(G))
∗ is an extension of Φ which leaves
C0(G) invariant, hence so too does Φ.
Letting I denote the complete isometry
CBL1(G)(C0(G)) ∋ Φ 7→ (Φ
∗|L1(G))
∗ ∈ CBσL1(G)(L
∞(G))
and R : CBL1(G)(L
∞(G)) → CBL1(G)(C0(G), L
∞(G)) the completely contractive
restriction map, it follows that Pσ := I ◦ R : CBL1(G)(L
∞(G))→ CBσL1(G)(L
∞(G))
is a completely contractive projection onto CBσL1(G)(L
∞(G)). Moreover, Pσ maps
CPL1(G)(L
∞(G)) onto CPσL1(G)(L
∞(G)).
Since Ĝ is amenable, CBL1(G)(L
∞(G)) = span CPL1(G)(L
∞(G)) by Proposition
5.5, so given Φ ∈ CBσL1(G)(L
∞(G)) there exist Φi ∈ CPL1(G)(L
∞(G)) i = 1, ..., 4
such that
Φ =
1
4
(Φ1 − Φ2 + i(Φ3 − Φ4)).
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But then
Φ = Pσ(Φ) =
1
4
(Pσ(Φ1)− P
σ(Φ2) + i(P
σ(Φ3)− P
σ(Φ4))),
and it follows that CBσL1(G)(L
∞(G)) = span CPσL1(G)(L
∞(G)). By [9, Theorem 5.2],
span CPσL1(G)(L
∞(G)) ∼= Cu(G)
∗, so we have
M rcb(L
1(G)) ∼= CBσL1(G)(L
∞(G)) ∼= Cu(G)
∗.

The observations in the proof of Corollary 5.7 lead to the following new charac-
terization of the predual of M rcb(L
1(G)).
Proposition 5.8. Let G be a locally compact quantum group. Then
Qrcb(L
1(G)) ∼= C0(G)⊗̂L1(G)L
1(G)
completely isometrically.
Proof. As noted in the proof of Corollary 5.7, we have
CBL1(G)(C0(G)) = CBL1(G)(C0(G), L
∞(G)).
Thus, Θr : M rcb(L
1(G)) ∼= CBL1(G)(C0(G), L
∞(G)) completely isometrically [21,
Proposition 4.1]. We need to show that Θr is a weak*-weak* homeomorphism.
Since
CBL1(G)(C0(G), L
∞(G)) ∼= (C0(G)⊗̂L1(G)L
1(G))∗
weak* homeomorphically, and Θr is a completely isometric isomorphism, it suffices
to show that Θr is weak* continuous on bounded sets (see [8, Lemma 10.1]). Let
(bˆ′i)i∈I be a bounded net in M
r
cb(L
1(G)) converging weak* to bˆ′. By Proposition
3.2, for any A ∈ C0(G)⊗min K∞ and ρ ∈ L
1(G)⊗̂T∞ we have ΩA,ρ ∈ Q
r
cb(L
1(G)),
where
〈aˆ′,ΩA,ρ〉 = 〈(Θ
r(aˆ′)⊗ idK∞)(A), ρ〉, aˆ
′ ∈M rcb(L
1(G)).
Then (Θr(bˆ′i))i∈I converges point weak* to Θ
r(bˆ′) in CB(C0(G), L
∞(G)). Letting
q : C0(G)⊗̂L
1(G)։ C0(G)⊗̂L1(G)L
1(G)
be the quotient map, and viewing Θr(bˆ′i) ∈ (C0(G)⊗̂L1(G)L
1(G))∗, the density
of the image q(C0(G) ⊗ L
1(G)) of the algebraic tensor product C0(G) ⊗ L
1(G)
in C0(G)⊗̂L1(G)L
1(G), together with the boundedness of (Θr(bˆ′i))i∈I imply that
(Θr(bˆ′i))i∈I converges weak* to Θ
r(bˆ′) in (C0(G)⊗̂L1(G)L
1(G))∗. 
Remark 5.9. The identification of Qrcb(L
1(G)) in Proposition 5.8 is new even in
the co-commutative case, that is, for any locally compact group G we have
Qcb(G) ∼= C
∗
λ(G)⊗̂A(G)A(G)
completely isometrically.
For our final application, we now give a simplified proof of the fact that amenabil-
ity of a discrete quantum group implies co-amenability of its compact dual.
Theorem 5.10. A compact quantum group G is co-amenable if and only if Ĝ is
amenable.
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Proof. Co-amenability of G always implies amenability of Ĝ [1, Theorem 3.2], so
assume that Ĝ is amenable. By Theorem 5.1 we know that L∞(G) is 1-injective in
mod− L1(G). Let Φ : L∞(G)⊗L∞(G)→ L∞(G) be a completely contractive left
inverse to Γ which is a right L1(G)-module map. As a unital complete contraction, Φ
is completely positive and Φ|C(G)⊗minC(G) 6= 0 since C(G) is unital. By [1, Theorem
3.3] we also know that C(G) is nuclear, so let (Ψa)a∈A be a net of finite-rank,
unital completely positive maps converging to idC(G) in the point-norm topology.
For a ∈ A, consider the unital completely positive map Φa : C(G) → C(G) given
by
Φa = Φ ◦ (id⊗Ψa) ◦ Γ|C(G).
The fact that Φa maps into C(G) follows from the density of Γ(C(G))(C(G)⊗1) in
C(G)⊗minC(G) (see [26, Corollary 6.11]) together with the Γ(L
∞(G))-module prop-
erty of Φ (see the proof of [5, Theorem 5.5]). However, the invariance Φa(C(G)) ⊆
C(G) will be a byproduct of the following argument.
Since Ψa is finite rank, there exist x
a
1 , ..., x
a
na ∈ C(G) and µ
a
1 , ..., µ
a
na ∈ M(G)
such that
Ψa(x) =
na∑
n=1
〈µan, x〉x
a
n, x ∈ C(G), a ∈ A.
For each a ∈ A, and 1 ≤ n ≤ na, let Φ(a,n) : C(G)→ C(G) be defined by
Φ(a,n)(x) = Φ(x⊗ x
a
n), x ∈ C(G).
Then Φ(a,n) is completely bounded with ‖Φ(a,n)‖cb ≤ ‖x
a
n‖C(G), and is a right
L1(G)-module map. Hence, Φ(a,n) ∈ CBL1(G)(C(G)) = Θ
r(M rcb(L
1(G))). Since
M rcb(L
1(G)) = Cu(G)
∗ by Corollary 5.7, there exist νan ∈ Cu(G)
∗ such that Φ(a,n) =
Θr(νan).
Let x ∈ C0(G). Then
Φa(x) = Φ((id⊗Ψa)(Γ(x)))
=
na∑
n=1
Φ(((id ⊗ µan)Γ(x)) ⊗ x
a
n)
=
na∑
n=1
Φ(a,n)(((id⊗ µ
a
n)Γ(x)))
=
na∑
n=1
Θr(νan)(Θ
r(µan)(x))
=
na∑
n=1
Θr(νan ⋆ µ
a
n)(x)
= Θr
( na∑
n=1
νan ⋆ µ
a
n
)
(x).
Letting µa =
∑na
n=1 ν
a
n⋆µ
a
n, we obtain Φa = Θ
r(µa). Moreover, we have µa ∈M(G)
as M(G) is a two-sided ideal in Cu(G)
∗. Since Θr is an isometry,
‖µa‖M(G) = ‖Θ
r(µa)‖cb = ‖Φa‖cb = 1, a ∈ A,
and since Φa converges to idC(G) in the point-norm topology it follows that
µa ⋆ x = Θ
r(µa)(x)→ x, x ∈ C(G).
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Let µ be a weak* cluster point of (µa)a∈A in the unit ball ofM(G) = C(G)
∗. Then
µ is a right identity of M(G). The restricted unitary antipode R maps C(G) into
C(G) and satisfies R∗(µ ⋆ ν) = R∗(ν) ⋆ R∗(µ) for all ν ∈M(G). Hence, R∗(µ) is a
left identity of M(G). It follows that ε := µ+R∗(µ)− µ ⋆ R∗(µ) is an identity for
M(G). Hence, G is co-amenable by [1, Theorem 3.1]. 
Given a completely contractive Banach algebraA with a contractive approximate
identity, any essential module X ∈ mod − A is induced by [8, Proposition 6.4].
Since a locally compact quantum group G is co-amenable if and only if L1(G) has
a contractive approximate identity [18, Theorem 2], the next proposition supports
the idea that our methods may be applicable to the general duality problem of
amenability and co-amenability.
Proposition 5.11. Let G be a locally compact quantum group for which the dual
Ĝ is amenable. Then for any closed right ideal I unlhd L1(G), the multiplication map
yields a completely isometric isomorphism
m˜I : I⊗̂L1(G)L
1(G) ∼= 〈I ⋆ L1(G)〉.
In particular, if I is essential then I⊗̂L1(G)L
1(G) ∼= I, that is, I is an induced
L1(G)-module.
Proof. First, note that for any self-induced completely contractive Banach algebra
A and any closed right ideal J unlhd A, we have m˜A/J : (A/J)⊗̂AA ∼= A/〈J · A〉
completely isometrically. Indeed, identifying (A/〈J · A〉)∗ = 〈J · A〉⊥ ⊆ A∗, it
follows that
(m˜A/J )
∗ : 〈J · A〉⊥ → ((A/J)⊗̂AA)
∗ = (NA/J )
⊥
is equal to (m˜A)
∗|〈J·A〉⊥ . In particular, (m˜A/J )
∗ is a complete isometry. Letting
q : A ։ A/J be the complete quotient map, if X ∈ (NA/J )
⊥ then (q∗ ⊗ id)(X) ∈
(NA)
⊥, so there exists F ∈ A∗ such that (q∗ ⊗ id)(X) = (m˜A)
∗(F ) as A is self-
induced. Clearly, F ∈ 〈J · A〉⊥, so (m˜A/J)
∗ is also surjective.
Since Ĝ is amenable, by Theorem 5.1 L∞(G) is 1-injective in mod − L1(G).
Then for every 1-exact sequence of right A-modules
0→ Y →֒ Z ։ Z/Y → 0,
the induced sequence
0→ CBL1(G)(Z/Y, L
∞(G)) →֒ CBL1(G)(Z,L
∞(G))։ CBL1(G)(Y, L
∞(G))→ 0
is 1-exact, where 1-exactness refers to an exact sequence of morphisms such that the
injection (→֒) is a complete isometry and the surjection (։) is a complete quotient
map. Taking the pre-adjoint of the above sequence we obtain the 1-exact sequence
0→ Y ⊗̂L1(G)L
1(G) →֒ Z⊗̂L1(G)L
1(G)։ Z/Y ⊗̂L1(G)L
1(G)→ 0.
In particular, take Y = I and Z = L1(G), and consider the commutative diagram:
I⊗̂L1(G)L
1(G) −−−−→ L1(G)⊗̂L1(G)L
1(G) −−−−→ (L1(G)/I)⊗̂L1(G)L
1(G)y y y
〈I ⋆ L1(G)〉 −−−−→ L1(G) −−−−→ L1(G)/〈I ⋆ L1(G)〉
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As L1(G) is self-induced, the last two columns are completely isometric isomor-
phisms, and since both rows are 1-exact, it follows that
m˜I : I⊗̂L1(G)L
1(G) ∼= 〈I ⋆ L1(G)〉
completely isometrically. 
A locally compact quantum group G is said to be regular if
K(L2(G)) = 〈(id⊗ ω)(σV ) | ω ∈ T (L2(G))〉,
where K(L2(G)) denotes the ideal of compact operators on L2(G), σ denotes the
flip map on L2(G) ⊗ L2(G), and as usual, 〈·〉 denotes the closed linear span. For
example, Kac algebras are regular, as well as discrete and compact quantum groups
(see [20]). Under the assumption of regularity, we now obtain a version of Theorem
5.1 at the predual level.
Theorem 5.12. Let G be a locally compact quantum group. Consider the following
conditions:
(1) Ĝ is compact (equivalently, G is discrete);
(2) T (L2(G)) is relatively 1-projective in (T (L2(G)),)−mod;
(3) L1(G) is 1-projective in L1(G)−mod.
Then (1)⇔ (2)⇒ (3), and when G is regular, the conditions are equivalent.
Proof. The implication (1) ⇒ (2) follows by an argument similar to the proof of
[5, Proposition 5.8] using a normal two-sided invariant mean m̂′ on L∞(Ĝ′), which
exists by compactness. The implication (2) ⇒ (1) follows similarly to Theorem
5.1, giving the relative 1-injectivity of L∞(G) in nmod− L1(G) and the existence
of a normal conditional expectation E : B(L2(G)) → L∞(G). Viewing B(L2(G))
as a right L1(G)-module under the -action, the relative 1-injectivity of L∞(G)
in nmod − L1(G) implies the existence of a normal condition expectation P :
B(L2(G)) → L∞(G) that is a right L1(G)-module map (see [44, Lemma 3.5] for
details). Thus, Ĝ is compact by Proposition 4.8.
(2) ⇒ (3): By the above we know that Ĝ is compact and L∞(G) is relatively
1-injective in nmod−L1(G), which implies that L1(G) is relatively 1-projective in
L1(G) −mod. By discreteness of G we have L1(G) ∼=
⊕
1{Tnα(C) | α ∈ Irr(Ĝ)},
where Tnα(C) is the space of nα × nα trace-class operators. Hence, L
1(G) is 1-
projective in C−mod by [2, Proposition 3.6, Proposition 3.7]. The left version of
Proposition 2.2 then entails the 1-projectivity of L1(G) in L1(G)−mod.
Now, suppose that G is regular. Considering again the right L1(G)-module
structure on B(L2(G)) given by the -action, it follows from [20, Corollary 3.6]
that K(L2(G)) is an essential L1(G)-submodule of B(L2(G)), that is, K(L2(G)) =
〈K(L2(G))  L1(G)〉. We show (3)⇒ (1).
Since the multiplication mL1(G) : L
1(G)⊗̂L1(G)→ L1(G) is a complete quotient
morphism and L1(G) is 1-projective in L1(G)−mod, for every ε > 0 there exists
a morphism Φε : L
1(G) → L1(G)⊗̂L1(G) satisfying mL1(G) ◦ Φε = idL1(G) and
‖Φε‖cb < 1 + ε. Moreover, we know that L
∞(G) is 1-injective in mod − L1(G)
as the dual a 1-projective module. Thus, M rcb(L
1(G)) ∼= Cu(G)
∗ by Corollary
5.7, and L∞(G) is a 1-injective operator space. Hence, L∞(G) is semi-discrete
[3, 4, 12], so there exits a net (Ψi)i∈I of normal finite-rank complete contractions
Ψi : L
∞(G) → L∞(G) converging to idL∞(G) in the point weak* topology. Using
the normal completely bounded morphism Φ∗ε : L
∞(G)⊗L∞(G)→ L∞(G) which is
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a left inverse of Γ, one can argue in a similar manner to Theorem 5.10 by averaging
the normal finite-rank maps Ψi into multipliers and use the fact that L
1(G) is
a two-sided ideal in Cu(G)
∗ to obtain a bounded net (fi)i∈I in L
1(G) satisfying
f ⋆ fi − f → 0 weakly for all f ∈ L
1(G). The standard convexity argument then
yields a bounded right approximate identity for L1(G), and G is necessarily co-
amenable.
Now, since π : (T (L2(G)),) → L1(G) is a complete quotient morphism, for
any ε > 0 it also has a right inverse morphism Ψε : L
1(G) → T (L2(G)) with
‖Ψε‖cb < 1 + ε. Then Ψ
∗
ε : B(L
2(G)) → L∞(G) is a normal completely bounded
right (T (L2(G)),)-module projection onto L∞(G). Since L1(G) has a contractive
approximate identity and K(L2(G)) is an essential L1(G)-module, we know that
K(L2(G)) is induced, that is,
m˜K(L2(G)) : K(L
2(G))⊗̂L1(G)L
1(G)→ K(L2(G))
is a completely isometric isomorphism. Hence, so too is its dual
(m˜K(L2(G)))
∗ : T (L2(G)) ∼= CBL1(G)(K(L
2(G)), L∞(G)).
Then Ψ∗ε|K(L2(G)) ∈ CBL1(G)(K(L
2(G)), L∞(G)) = (m˜K(L2(G)))
∗(T (L2(G))), so there
exists ρ ∈ T (L2(G)) satisfying (m˜K(L2(G)))
∗(ρ) = Ψ∗ε|K(L2(G)). Then for all y ∈
K(L2(G)) and f ∈ L1(G) we have
〈Ψ∗ε|K(L2(G))(y), f〉 = 〈(m˜K(L2(G)))
∗(ρ)(y), f〉 = 〈ρ, y  f〉 = 〈ρ y, f〉.
By weak* density of K(L2(G)) in B(L2(G)), we obtain Ψ∗ε(T ) = ρ  T for all
T ∈ B(L2(G)). In particular,
π(ρ) ⋆ x = ρ x = Ψ∗ε(x) = x
for all x ∈ L∞(G) as Ψ∗ε is a projection. Then π(ρ) is a right identity for L
1(G),
and using the unitary antipode R as in Theorem 5.10 we may construct a two-sided
identity for L1(G), that is, G is discrete, whence Ĝ is compact. 
Analogously, there is a right module version of Theorem 5.12.
Theorem 5.13. Let G be a locally compact quantum group. Consider the following
conditions:
(1) Ĝ is compact (equivalently, G is discrete);
(2) T (L2(G)) is relatively 1-projective in mod− (T (L2(G)),);
(3) L1(G) is 1-projective in mod− L1(G).
Then (1)⇔ (2)⇒ (3), and when G is regular, the conditions are equivalent.
Remark 5.14. It is not clear at this time whether we can replace relative 1-
projectivity of T (L2(G)) with 1-projectivity of T (L2(G)) in condition (2) of The-
orems 5.12 and 5.13. However, one cannot replace 1-projectivity of L1(G) with
relative 1-projectivity of L1(G) in condition (3) of Theorems 5.12 and 5.13, as, for
example, L1(G) is always relatively 1-projective for any locally compact group G
(see [7, Theorem 2.4]).
Remark 5.15. Combining [2, Theorem 3.12] with [22, Corollary 7], it follows that
a regular quantum group G is discrete if and only if L1(G) is a 1-projective operator
space. Theorem 5.12 therefore yields the following equivalence for regular quantum
groups: L1(G) is 1-projective in C −mod if and only if L1(G) is 1-projective in
L1(G)−mod.
20 JASON CRANN
References
[1] E. Be´dos and L. Tuset, Amenability and co-amenability for locally compact quantum groups.
Internat. J. Math. 14(2003), no. 8, 865–884.
[2] D. P. Blecher, The standard dual of an operator space. Pacific J. Math. 153(1992), no. 1,
15–30.
[3] M.-D. Choi and E. G. Effros, Nuclear C∗-algebras and injectivity: the general case. Indiana
Univ. Math. J. 26(1977), no. 3, 443–446.
[4] A. Connes, Classification of injective factors. Cases II1, II∞, IIIλ, λ 6= 1. Ann. of Math.
(2) 104(1976), no. 1, 73–115.
[5] J. Crann and M. Neufang, Amenability and covariant injectivity of locally compact quantum
groups. Trans. Amer. Math. Soc. 368(2016), 495–513.
[6] J. Crann and Z. Tanko, On the operator homology of the Fourier algebra. Preprint.
arXiv:1602.05259.
[7] H. G. Dales and M. E. Polyakov, Homological properties of modules over group algebras.
Proc. London Math. Soc. (3) 89(2004), no. 2, 390–426.
[8] M. Daws, Multipliers, self-induced and dual Banach algebras. Dissertationes Math.
470(2010), 62 pp.
[9] M. Daws, Completely positive multipliers of quantum groups. Internat. J. Math. 23(2012),
no. 12, 1250132.
[10] J. de Cannie`re, J and U. Haagerup, Multipliers of the Fourier algebras of some simple Lie
groups and their discrete subgroups. Amer. J. Math. 107(1985), no. 2, 455–500.
[11] P. Desmedt, J. Quaegebeur and S. Vaes, Amenability and the bicrossed product construction.
Illinois J. Math. 46(2002), no. 4, 1259–1277.
[12] E. G. Effros and C. E. Lance, Tensor products of operator algebras. Adv. Math. 25(1977),
no. 1, 1–34.
[13] E. G. Effros and Z.-J. Ruan, Operator Spaces. London Mathematical Society Monographs,
New Series 23, Oxford University Press, New York, 2000.
[14] A. Guichardet, Tensor products of C∗-algebras. Aarhus University Lecture Notes Series
no. 12, 1969.
[15] U. Haagerup, Injectivity and decomposition of completely bounded maps. Operator algebras
and their connections with topology and ergodic theory (Busteni, 1983), 170-222, Lecture
Notes in Math., 1132, Springer, Berlin, 1985.
[16] U. Haagerup and J. Kraus, Approximation properties for group C∗-algebras and group von
Neumann algebras. Trans. Amer. Math. Soc. 44(1994), no. 2, 667–699.
[17] A. Y. Helemskii, Metric version of flatness and Hahn–Banach type theorems for normed
modules over sequence algebras. Studia Math. 206(2011), no. 2, 135–160.
[18] Z. Hu, M. Neufang, and Z.-J. Ruan, Multipliers on a new class of Banach algebras, locally
compact quantum groups, and topological centres. Proc. Lond. Math. Soc. (3) 100(2010),
no. 2, 429–458.
[19] Z. Hu, M. Neufang, and Z.-J. Ruan, Completely bounded multipliers over locally compact
quantum groups. Proc. Lond. Math. Soc. (3) 103(2011), no. 1, 1–39.
[20] Z. Hu, M. Neufang, and Z.-J. Ruan, Convolution of trace class operators over locally compact
quantum groups. Canad. J. Math. 65(2013), no. 5, 1043–1072.
[21] M. Junge, M. Neufang and Z.-J. Ruan, A representation theorem for locally compact quantum
groups. Internat. J. Math. 20(2009), no. 3, 377–400.
[22] M. Kalantar, Compact operators in regular LCQ groups. Canad. Math. Bull. 57(2014), no. 3,
546–550.
[23] M. Kalantar and M. Neufang, Duality, cohomology, and geometry of locally compact quantum
groups. J. Math. Anal. Appl. 406(2013), no. 1, 22–33.
[24] J. Kraus, J and Z.-J. Ruan, Approximation properties for Kac algebras. Indiana Univ. Math.
J. 48(1999), no. 2, 469–535.
[25] J. Kustermans, Locally compact quantum groups in the universal setting. Internat. J. Math.
12(2001), no. 3, 289–338.
[26] J. Kustermans and S. Vaes, Locally compact quantum groups. Ann. Sci. E´cole Norm. Sup.
(4) 33(2000), no. 6, 837–934.
[27] J. Kustermans and S. Vaes, Locally compact quantum groups in the von Neumann algebraic
setting. Math. Scand. 92(2003), no. 1, 68–92.
AMENABILITY AND COVARIANT INJECTIVITY OF LCQG II 21
[28] C. E. Lance, On nuclear C∗-algebras. J. Funct. Anal. 12(1973), 157–176.
[29] H. Leptin, Sur l’alge`bre de Fourier d’un groupe localement compact. C. R. Acad. Sci. Paris
Se´r. A-B 266(1968), A1180–A1182.
[30] M. Neufang, Z.-J. Ruan and N. Spronk, Completely isometric representations of McbA(G)
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